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The important features of the acoustic field of a propeller operating within a wind tunnel are modeled. The
wind tunnel is taken to be of circular cross section, with the flow field assumed to be uniform. A finite element
formulation based on a Gutin type of propeller theory is used to represent the acoustic source both in the wind
tunnel and in a free field for comparison purposes. The information sought is the accuracy with which propeller
acoustic directivity on the wind tunnel wall matches directivity measured on a reflecting plane placed near the
propeller in the free field. An important analytical result shows that it is not possible to obtain an accurate direc-
tivity in the tunnel environment unless the modal cutoff ratio for the source exceeds unity for at least the lowest-
order mode generated. This result is verified numerically. Acoustic fields and their corresponding directivities in
the wind tunnel and free field are compared for situations in which the cutoff condition is satisfied. Several pro-
peller operating conditions and tunnel Mach numbers of M=0.0 and M= -0.5 are investigated to determine if
the number of cut-on modes or the mean flow convective effects significantly influence the matching of the tun-
nel and free field directivities. It is generally found that there is little resemblance between the radiated acoustic
field in the interior of the wind tunnel and in a comparable region in the free field. However, there is a strong
similarity between the acoustic field directivity measured on the wind tunnel wall and that on a sideline in the
free field. The tunnel Mach number does not appear to be a decisive consideration in the accuracy of the com-
parisons over the range considered.

Introduction

T HE relatively high fuel economy available from propeller-
driven aircraft has renewed interest in high-speed, highly

loaded, multiple-blade, turboprop propulsion systems. The
undesirable features of community noise and, more impor-
tant, the high-intensity cabin noise associated with the pro-
peller's supersonic helical tip speeds have stimulated new
theoretical and experimental research on the acoustic
characteristics of turboprops.

The acoustic testing of propellers at realistic in-flow Mach
numbers can be carried out in flight, using a suitably scaled
model, or performed in wind tunnels capable of producing
high subsonic flow velocities, again using a scale model.
Acoustic testing with supersonic helical tip speed propellers
has initially been carried out in the 8 x 6 ft transonic wind tun-
nel at the Lewis Research Center.1'6 In testing of this type, a
model propeller is driven by an air motor to achieve the ap-
propriate rotational speed. Noise measurements are made
through bleed holes with pressure transducers installed flush
with the tunnel walls. The test site is essentially a duct contain-
ing a noise source represented by the propeller. It is not clear
that this test environment will generally produce results for
directivity or amplitude that have any relationship to flight
test results, although some initial flight to wind tunnel com-
parisons with the NASA Dryden Jetstar aircraft7'8 have in-
dicated reasonable agreement.
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Dittmar9 has argued that flow convection and the highly
directional nature of a typical propeller noise source will
minimize reverberation effects when the tunnel Mach number
is greater than 0.6. In general, tunnel measurements of sound
amplitude and directionality of a propeller depend on such
parameters as tunnel flow speed and size, as well as sound fre-
quency and source directivity.

It is the purpose of the present investigation to model
mathematically the essential features of the acoustic radiation
from propellers in a duct and in free space in order to quantify
the success with which duct testing can be expected to approx-
imate freefield conditions.

Because of the importance of source directionality, a de-
tailed model is considered that consists of a finite element
representation of the Gutin propeller theory10 valid in both the
near and far field. This model has been implemented in the
free field and in the duct environment. The finite element
model has been used because it is intended to extend the solu-
tion to include the effects of tunnel wall boundary layers,
eliminating the possibility of using analytical approaches. In
the process of the development of the numerical scheme, ad-
vances in the application of the finite element scheme have
been made in connection with the modeling of the Gutin
acoustic dipole distributions and in the representation of
reflection-free duct terminations.

Mathematical Model
The propeller in the wind tunnel test environment is mod-

eled using a Gutin propeller representation10 in a circular duet
of uniform cross section. It is recognized that because pro-
peller testing is done in facilities previously used for other
types of testing, the ideal situation presented by a circular
geometry is often replaced by a square, a rectangular, or even
an octagonal cross section. The three-dimensional character of
the acoustic field of a propeller in the circular geometry is
much more economically modeled than in other cross sections.
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It is not believed that general conclusions drawn by using this
simpler geometry will be fundamentally altered in the other
geometries.

In the Gutin representation the propeller is replaced by
rotating dipoles in the propeller disk. In this section the
governing acoustic equations are presented for an acoustic
analogy based on a dipole distribution in cylindrical coor-
dinates. The circular wind tunnel geometry is shown in Fig. 1,
as is the cylindrical coordinate system appropriate for this
analysis.

The mathematical model has been given in detail in another
paper,11 and the results are repeated here. In terms of non-
dimensional quantities the propagation of harmonic acoustic
disturbances in a circular duct with hard walls is governed by
the convected wave equation

(1)

or

ox ox
(2)

where, consistent with a Gutin-type propeller theory, the
acoustic analogy representing the propeller requires a
distribution of body forces with no volume sources (these
would be required if blade thickness were to be modeled).
The nondimensionalization begins with the dimensional
pressure/?*, density p*, and velocity F* and introduces their
nondimensional equivalents, where pressure is scaled by
P0c2, density by p0, and velocity by c. p0 and c0 are reference
values of the fluid density and speed of sound. In addition,
lengths are scaled by the duct radius Rd, time is scaled by
Rd/c, and the body force is scaled by c2/Rd. The mean flow
Mach number is M and the nondimensional frequency is
rjr = uRd/c, where co is the driving frequency.

Equation (1) or (2), with a suitable body force distribu-
tion, is consistent with the Gutin theory, as modified for
uniform flow effects by Garrick and Watkins12. In the case
of radiation of propeller noise to a free field, solutions are
obtained in a cylindrical coordinate system with a far-field
radiation boundary condition. When the propeller is inside a
circular duct with hard walls, a boundary condition of zero
normal acoustic velocity (or, equivalently, zero normal
pressure derivative) must be enforced at the duct wall. Equa-
tions (1) or (2) are thus supplemented by the condition

•£-"• '-dr

JfJL(KfJLVr) is the Bessel function of the first kind of order
with argument K^r. K^V are solutions of

The axial wave number kx is given by

^ (3)
1 -M2

and the distinction between k£ v and k~ v (corresponding to
propagation in the positive or negative x direction) is deter-
mined by the sign choice. The positive sign corresponds to
propagation in the positive x direction and for cut-on modes
[ ( l - M 2 ) ( K f l l > / r i r ) 2 < l ] . The opposite is true for cutoff
modes.

The body forces appearing in Eq. (1) or (2) appropriate to
the Gutin theory have also been discussed in another
paper.11 For a propeller rotating in the positive sense with
respect to the x axis in Fig. 1, the x and 0 components of the
nondimensional body force applied by the propeller to the
fluid are

Jx ~ 2?r

csin(mM)T)rexp imN(——-t-0 j lmm (4)

fe=-
NQ

xsin(raM2r)rexp imN(——-t-0\ mNQ (5)

where N is the number of blades, 0 the angular velocity of the
propeller (rad/s), t p ( r ) and £ r(r) the propulsive and torque
components of the blade lift per unit span, a the projection of
the blade chord on the propeller disk, and r the acoustic pulse
duration as the propeller passes a fixed point (r = #/ftr*,
r* = dimensional radius). The body force is seen to consist of
the fundamental tone at nondimensional frequency

NQRH

and angular mode /*= ±N and harmonics with frequency

The duct is modeled as infinite in length, requiring that
the "terminations" at x=0 and x = L be reflection-free. This
is most easily enforced by requiring that at the duct termina-
tions the acoustic propagation is given in terms of outgoing
acoustic modes. At * = 0,

and at x = L,

p(L,r,8,t) =

Wind tunnel of circular
cross sect ion

Propeller
plane

Fig. 1 Geometry of the propeller in a circular wind tunnel.
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and angular mode /x = ± mN. Specific angular harmonics of
the body forces are written as

and

where

and

Mi 1 £p(r)
27T p0C2

M2 1 /_Mr)\ si
\^~)

/ L ( r ) \ sm(mnQT
I -L——— I —————————
V a / mNSl (6)

(7)

The right-hand side in Eq. (1) is constructed by use of the
divergence operation in cylindrical coordinates

The solution for a right-hand side that contains 6' (x—XQ)
is easily determined by differentiation to be

1 V-MO
N,,,

x>0

(10)

For a forcing function of the form of Eq. (8), Eqs. (9) and
(10) show that solutions will be

For the rath Fourier angular component for the harmonic
forcing function at 17 r = mNQRd/c

pk+*n_~AT\ (/c/inr)exp(- /

At a given radius r, the right-hand side of Eq. (1) has the
form

V-f=Ap—-[d(x)]+iATd(x)ox (8)

(11)

Directivity When All Modes are Cut Off
From Eqs. (11) an important conclusion can be drawn

about source directivity when the propeller noise source is

This represents the combination of a dipole and a simple
source.

An Exact Solution
The Green's function for Eq. (1) is the solution of

82p d2p 1 dp 1 82p

An eigenfunction expansion can be used to generate the
solutions

N,,,

-ik2nx), x>0

™

(9)

where, simplifying previous notation,

and

N,nn =

75.0

-oPo.a: |o:

20.0
y = mN

Fig. 2 Modal propagation map for a propeller in a circular wind
tunnel. The nth radial mode propagates for the /*th angular mode if
* „ lies above the n curve.
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operating so that no cut-on modes are present. Equation (3)
defining the wave numbers shows that in general k}n can be
written

where 7 is real and independent of the particular mode and

S I D E L I N E SPL
100.0

*n can be real or imaginary. d*n is real if

- l .OQ -0.75 -0.50 -0.25 0.25 0.50 0.75 1.00

POSITION ON AXIS X/R
Fig. 3 Contours of constant acoustic pressure amplitude in an x-r
plane for the fundamental tone of a two-blade propeller in a circular
wind tunnel with M= -0.5 and below the first radial mode cut-on
,1 = 2, ijr = 2.0 (duct), /? = duct radius.

and the mode is cut on. Otherwise the mode is cut off and
is imaginary. For cut-on modes

and for cut-off modes

-! = ± i

Equations (11) are now written

ie~nx \^ JIL(Kuin)P(x>r)=-n^^^r~i J.YA j. y „„

x>0

P(x,r)=-
1-M2^ N,

(12)

It is noted that if some modes are cut on, P(x,r) has no
symmetry properties, that is P(x,r) bears no special relation
to P( —x,r). However, if all modes are cut off, then

a-iyX __ J ( „ y,\

P(x,r)=- l-M2 ^ N1 ±YL n \t.nn

P(^)=-T^?-

In this case it is seen that P( — x,r) =P*(x,r), where the
superscript (*) represents the complex conjugate. The
significance is that the pressure magnitude becomes an even
or symmetric function in x. This makes it impossible to

l.OOr.-Tri-

0.00
0.50

X/R
1.00 1 .50 2.00

Fig. 4 Fundamental tone
acoustic directivity on the duct
wall near the two-blade pro-
peller below first radial mode
cut-on with M= -0.5. f* = 2,
yr = 2.0 (duct).
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Fig. 5 Contours of constant
acoustic pressure amplitude in
an x-r plane for the fundamen-
tal tone of a two-blade pro-
peller in a circular wind tunnel
with M=0.0 and with the first
radial mode cut on. n = 2,
rir = 4.0 (duct), R = duct radius.

0.00*-
0.50 X/R i.oo 1.50

SIDELINE SPL
100.0>

0775 1.00-1.00 -0,75 -0.50 -0.25 0.25 0.50
POSITION ON AXIS X/R

Fig. 6 Fundamental tone acoustic directivity at the location of the
duct wall near the two-blade propeller with one radial mode prop-
agating and with A/=0.0. ji = 2, i;r = 4.0 (duct). The dashed line is
the in-duct calculation and the solid line is the free-field calculation;
/? = duct radius.

duplicate the directivity of the propeller source in the duct if
the propeller geometry and operational parameters excite
only cut-off modes, for when only cut-off modes are pres-
ent, the duct pressure amplitude field is symmetric.

The key consideration is the mode cutoff ratio13

t—Kc /Ks l^an/ "-un

where

The frequency of excitation yr depends on the rotational fre-
quency, the number of blades, and the harmonic in question

rjr = mN&Rd/c

The value of K^ depends on the number of blades and the
harmonic through the eigenvalue equation.

Figure 2 is a plot K£W as a function of the angular mode
number for several radial mode numbers. The ordinate is
given as *£„ so that the curves become contours of unity
cutoff ratio. This can be used to determine what modes are
cut on for a given propeller test condition. For example, it
can be determined that for a two-bladed propeller the first
angular harmonic produces the second angular mode (m = 1 ,
mN=2). This angular mode has no cut-on radial modes
unless K^n exceeds approximately 3.05, as determined from
Fig. 2.

The results obtained in this section and summarized in
Eqs. (12) and (13) are for a single-ring doublet. The conclu-
sions drawn are valid for the dipole noise of any Gutin pro-
peller since this can be represented by a suitable superposi-
tion of ring doublets. Computational evidence of this is
given in Figs. 3 and 4, which show results of a finite element
model of the propeller in the duct in the presence of mean
flow. The test condition modeled is that of a two-bladed
propeller in a duct with radius twice that of the propeller.
The nondimensional propeller rotational frequency based on
propeller radius is toRp/c = Q.5. The first harmonic thus pro-
duces mNttRp/c= 1.0. Based on duct radius, this produces

rir=(mNQRp/c)(Rd/Rp)=2.Q

From Fig. 2, it is seen that at mN-2 with M- -0.5 the test
condition is below the n = 1 unity cut-off ratio curve and,
therefore, there are no cut-on modes present. Figure 3 shows
contours of constant pressure magnitude for the case of flow
at M= -0.5. The radiation pattern is symmetric as verified
by Fig. 4, which is the plot of directivity along the duct outer
wall.

It is clear that the relationship of the propeller test condi-
tions to the cut-off/cut-on frequencies for the wind tunnel is
of crucial importance if there is to be any hope of approx-
imating a freefield radiation pattern. It is also clear that the
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Fig. 7 Contours of constant
acoustic pressure amplitude in
an x-r plane for the fundamen-
tal tone of a two-blade pro-
peller in the free field with
Af=0.0. j* = 2, 4, = 4.0 (based
on duct radius); /? = propeller
radius.

-10.0 -7.5 -5.0 -2.5 2.5 5.0 7.5 10.0
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0.00J

Fig. 8 Contours of constant
acoustic pressure amplitude in
an x-r plane for the fundamen-
tal tone of a six-blade propeller
in a circular wind tunnel with
A/=0.0 and with the first two
radial modes cut on. /t = 6,
ifr = 12.0 (duct); /? = duct
radius.

0.50 1.00 X/R 1.50

presence of a mean flow does not alter this conclusion unless
the mean flow is of magnitude sufficient to move the test
conditions on Fig. 2 above the n = I unity cut-off ratio
curve. In the case discussed in the examples of Figs. 3 and 4,
the Mach number would have to exced M= -0.76 for this to
occur.

Directivity Above Cut-off
It has been shown that propeller testing in a duct environ-

ment must be carried out so that the harmonic frequency
mnQ,Rd/c exceeds the cut-on frequency for the lowest-order
radial mode corresponding to the angular mode \i-mN.
Since wind tunnel testing would normally be done to
simulate the free field of either a full-scale or model-scale
propeller, the frequency parameter to be duplicated would be
mNQRp/c. To insure that testing is done with at least one
mode cut-on, it is seen that for a given propeller model the
ratio Rj/Rp may be of critical importance in the establish-
ment of a satisfactory test condition.

Under the assumption that it is possible to achieve test
conditions such that propagating duct modes are cut on, it is
now appropriate to determine if directivity measured on the
duct wall has any relationship to free-field directivity.

The first calculation to be considered is with no mean flow
in the duct. Two propeller configurations are investigated
with Rd/Rp = 2.0. No effort is made to adjust the propeller
loading since only the frequency and duct mode effects are
sought.

In the first case the propeller of the previous example is
considered with QRp/c=l.Q. For this two-bladed propeller,
the duct nondimensional frequency (based on duct radius) is
77r = 4.0 and only one mode is propagating. Only the first
harmonic is calculated. Figure 5 shows contours of constant
acoustic pressure amplitude, and a distinct asymmetry is
noted. Figure 6 gives the directivity on the duct wall, and
this displays a radiation pattern with maximum levels behind
the propeller. Also shown on Fig. 6 is the directivity in the
free field for the same propeller taken on a line two propeller
radii from the axis. Figure 7 shows the contours of constant
acoustic pressure amplitude in the free field. The free field
calculations were made using the finite element method of
Ref. 11, and the in-duct calculations were made using the
propeller representation of Ref. 11 but confining it in a cir-
cular duct with reflection-free ends, as previously described.

Figures 5 and 7 leave little doubt that the acoustic radia-
tion field is substantially altered by the presence of the duct
except perhaps very near the propeller. Figure 6 shows that
both the free-field directivity and the in-duct directivity are
decidedly asymmetric, with the maximum sound pressure
level (SPL) occurring behind the propeller. Both the in-duct
and free-field directivity have two distinct lobes and an SPL
minimum just ahead of the propeller. The directivities are
similar in a region directly over the propeller. On this plot
both curves are normalized to 100 dB to enhance the com-
parison of directivity. As one would expect, the absolute
level of the in-duct acoustic environment is higher than the
freefield by 9.0 dB. It is important to note that the axial
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distance scale is in duct radii so that x/Rd = ± 1.0 covers a 90
deg angle, ±45 deg on either side of the propeller. This
would probably exceed the range over which any similarity
between duct directivity and freefield directivity could be
expected.

A second example considers a propeller with six blades,
QRp/c = 1.0, and no mean flow. For the first harmonic this

SIDELINE SPL
100.or

90.C

- 85.C

80.0

-1.00 -0.75 -0.50 -0.25 0.25 0.50
POSITION ON AXIS X/R

0.75 1.00

Fig. 9 Fundamental tone acoustic directivity at the location of the
duct wall near the six-blade propeller with two radial modes prop-
agating and with A/=0.0. ji = 6, qr = 12.0 (duct). The dashed line is
the in-duct calculation and the solid line is the free-field calculation;
R= duct radius.

produces a duct nondimensional frequency 77,. = 12.0, which
exceeds the second-mode cut-on value of 11.73. There are
thus two radial modes propagating in the sixth angular
mode. Figures 8-10 show the in-duct and free-field radiation
patterns and directivities. The in-duct and free-field radia-
tion patterns of Figs. 8 and 10 show almost no similarity.
However, a comparison of the acoustic field directivity on
the duct wall, Fig. 9, reveals a distinct similarity in a narrow
region over the propeller. The aft lobe is better represented
in the duct than is the forward lobe. The overall comparison
is not as favorable as in the two-bladed propeller case.
Again, the directivities shown on Fig. 10 are normalized to
100 dB. In this case, the in-duct level is 13.0 dB higher than
in the freefield.

From the results with no mean flow, it can be said that in-
duct and free-field directivities measured in a region on the
wall directly over the propeller show qualitatively similar
trends and that the major characteristics are well represented.
A strong influence of the number of propagating modes is not
observed, although the radiation pattern in the duct interior
and the directivity on the wall is less representative of the free
field when a second duct mode is cut on.

The presence of flow in the duct is investigated by con-
sideration of the two-bladed propeller at QRp/c= 1.0, which
produces r;r = 4.0 in the duct. A Mach number of M= -0.5
(directed toward the propeller) has been assumed. Figures
11-13 show the results of these calculations. The radiation
pattern near the propeller in Fig. 11 is representative of
typical free-field patterns, but nearer the wall the pattern
shows substantial effects of the presence of the wall. Figure
12 shows the comparison of free-field and in-duct directivity
on the duct wall. As in previous cases, both curves are nor-
malized to 100 dB. The important effects are again certainly
reproduced, with the quality of the comparison depending
on the choice of base levels for the curves. The quality of the
comparison is not significantly different than when flow is
absent in the two-bladed case. The in-duct levels are 6.5 dB
above the free field. Calculations in the free field, Fig. 12,
were carried out on a skewed mesh, which in the far field
allows the convenient implementation of the radiation condi-
tion in the presence of uniform mean flow.

In this case no influence of Mach number on the com-
parison between the in-duct and freefield calculations is
observed. The Mach number in this case does not introduce
a second propagating duct mode. Based on the calculations
discussed here, it is concluded that in order to have any
similarity between the wind tunnel acoustic field and the
acoustic field in free-field testing, it is necessary that at least
one duct mode be cut on. The presence of more than one
duct mode appears to confuse the comparison in the duct in-

Fig. 10 Contours of constant
acoustic pressure amplitude in
an x-r plane for the fundamen-
tal tone of a six-blade propeller
in the free field with A/=0.0.
H = 6, i/r = 12.0 (based on duct
radius); R = propeller radius.
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Fig. 11 Contours of constant acoustic pressure amplitude in an x-r plane for the fundamental tone of a two-blade propeller in a circular wind
tunnel with M= -0.5 and with the first radial mode cut on. j* = 2, i/r = 4.0 (duct); /? = duct radius.

terior, but a meaningful comparison of directivity on the
duct wall near the propeller is still possible. The Mach
number in the duct has no apparent effect except as it may
alter the number of propagating modes.

Comments on a Real Test
Situation—The SR3 Propeller

Dittmar and Lasagna8 have made comparisons between
wind tunnel and in-flight acoustic measurements for a scale-
model SR-3 propeller. The in-flight measurements were
made using the NASA Dryden Research Center Jetstar air-
craft with the propeller mounted on a pylon above the
fuselage. The propeller was driven by an air turbine
operating on bleed air. Measurements were made on the
fuselage on a line directly under the centerline of the
propeller.

Wind tunnel tests were made on the same propeller in the
NASA Lewis Research Center 8 x 6 ft transonic wind tunnel.
Acoustic measurements were made on the wind tunnel walls.
The propeller geometrical and operational data are as
follows: rotational speed, Q = 783.6 rad/s; propeller radius,
Rp = l.02l ft; speed of sound, c-1125 ft/s (assumed);
number of blades, 7V=8; and tunnel Mach number, M=0.8.
The wind tunnel cross-sectional area is 48 ft2, which for the
modeling approach used in this investigation is taken as
equivalent to a circular tunnel with the same area. The
equivalent tunnel radius is then Rd = 3.9l ft. For the first
angular harmonic /* = w7V=(l)(8), the nondimensional fre-
quency for the propeller, based on the propeller radius, is

Based on the equivalent duct radius

rird = mN(QRp/c)(Rd/Rp)=2l.

It is also found that

mn(QRp/c)(Rd/Rp)
Vl-M2 -36.3

Reference to Fig. 2 reveals that eight radial modes will be cut
on and that, based on what we have been able to deduce
computationally so far, the test conditions are appropriate

for at least a qualitative reproduction of the freefield direc-
tivity on the duct wall. It is intended that cases of this com-
plexity be modeled in future investigations.

SIDELINE SPL
100.Or

-1.00 -0.75 -0.50 -0.25 0.25 0.50 0.75
P O S I T I O N ON AXIS X/R

1.00

Fig. 12 Fundamental tone acoustic directivity at the location of the
duct wall near the two-blade propeller with one radial mode prop-
agating and with M- - 0.5. /A = 2, t\r = 4.0 (duct). The dashed line is
the in-duct calculation and the solid line is the free-field calculation;
/? = duct radius.
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20.Or

Fig. 13 Contours of constant
acoustical pressure amplitude in an x-r
plane for the fundamental tone of a
two-blade propeller in the free field
with M= -0.5. /* = 2, qr = 4.0 (based
on duct radius); R = propeller radius.

-30.0 -25.0

Observations
The finite element modeling method discussed and applied

in this investigation has provided very useful insight into the
radiation directivity of propellers in the free field and en-
closed in ducts. It has been shown that, at least for the situa-
tions considered, some important features of the free-field
directivity can be approximated in the wind tunnel environ-
ment with or without flow. However, we do offer the reser-
vation that the range of parameters considered is extremely
limited. In fact, the range of parameters, such as Rd/Rp,
QRp/c, m, N, propeller loading, and tunnel Mach number,
probably preclude any general quantification beyond our
first observation on the importance of the modal cut-off
ratio.

The modeling method considered here should be used in
advance of a test to determine the extent to which the tunnel
environment can be expected to approximate the free-field
conditions. It is relatively simple to implement and inexpen-
sive to use and has potential for growth in the sophistication
of the propeller and duct modeling.
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